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Abstract
In this note, we investigate Type I codes over Z4 constructed from Hadamard matrices. As
an application, we construct a Type I Z4-code with minimum Euclidean weight 16 of length
40. This code is the 5rst example of such a Type I Z4-code. This code also gives an example
of a 40-dimensional extremal odd unimodular lattice with minimum norm 4. c© 2002 Elsevier
Science B.V. All rights reserved.
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1. Introduction
For binary self-dual codes, the minimum weight d of length n is bounded by
d 6 4[n=24] + 4 except when n ≡ 22 (mod 24) in which case the bound is
d 6 4[n=24] + 6 [5]. Moreover a binary self-dual code of length divisible by 24
meeting the bound must be Type II. For self-dual codes over Z4 of length n, the
following upper bound on the minimum Euclidean weight dE is known:
dE 6 8
[ n
24
]
+ 8; (1)
except when n ≡ 23 (mod 24) in which case the bound is dE 6 8[n=24] + 12 (see [6,
Theorems 34 and 35]). Self-dual codes meeting the above bound are called extremal.
For lengths 8 and 24, all extremal self-dual Z4-codes are Type II [2,6]. Comparing
binary self-dual codes, there arises a question, namely, is there an extremal Type I
code for a 5xed length n ≡ 0 (mod 8)?
In this note, we investigate Type I codes over Z4 constructed from Hadamard ma-
trices in order to construct extremal Type I codes. As an application, we construct an
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extremal Type I Z4-code of length 40 from some Hadamard matrix of order 20. A num-
ber of extremal self-dual Z4-codes of length 40 are known, however all these codes are
Type II, so that our code is the 5rst example of extremal Type I Z4-codes of length
40. This code also gives an example of a 40-dimensional extremal odd unimodular
lattice with minimum norm 4.
2. Self-dual Z4-codes and construction
2.1. Self-dual Z4-codes and Hadamard matrices
A code C of length n over Z4 (or a Z4-code C of length n) is a Z4-submodule of Zn4
where Z4 is the ring of integers modulo 4. There are several diEerent weights used for
codes over Z4. Let n0(x) and n2(x) be the numbers of coordinates 0 and 2, respectively
in a codeword x, and let n1(x) be the number of coordinates 1 and 3. The Hamming
weight of a codeword x is n1(x) + n2(x) and the Euclidean weight is n1(x) + 4n2(x).
The Lee composition of x is de5ned as (n0(x); n1(x); n2(x)). The minimum Euclidean
weight dE of C is the smallest Euclidean weight among all nonzero codewords of C.
C is self-dual if C = C⊥, where C⊥ is the dual code of C de5ned in the standard
way. A self-dual code with the property that all Euclidean weights are divisible by
eight is called Type II, and a self-dual code which is not Type II is called Type I. It
is known that Type I codes exist for all lengths and a Type II code exists if and only
if the length is divisible by eight.
A Hadamard matrix H of order n is an n by n matrix of ±1’s with HHT=nIn where
HT denotes the transpose of H and In is the identity matrix of order n. We say that
two Hadamard matrices H1 and H2 are equivalent if there exist monomial matrices P
and Q with entries from {0; 1;−1} such that H2 = PH1Q.
2.2. Construction
Here, we give a construction of self-dual Z4-codes using a class of Hadamard
matrices.
Proposition 1 (Conway and Sloane [2]). Let Hn be a skew-symmetric Hadamard
matrix of order n ≡ 0 (mod 4), i.e., Hn = Sn + In, Sn = −STn and Sn · STn = (n − 1)In.
Then the following matrices:
G1 = (In; Sn) and G2 = (In; Sn + 2In)
generate self-dual Z4-codes of length 2n.
Remark. If n ≡ 4 (mod 8) then G1 generates a Type I code and if n ≡ 0 (mod 8) then
G2 generates a Type I code by computing the Euclidean weight of any row of Gi
(i = 1; 2).
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Suppose that p is a prime and p ≡ 3 (mod 4). Let Qp = (qij) be a p by p matrix
where qij =0 if i= j, −1 if j− i is a nonzero square (modp), and 1 otherwise. Then
the following Hadamard matrix:
Hp+1 =


1 1 · · · 1
−1
... Qp + Ip
−1


;
is equivalent to the Paley Hadamard matrix of order p + 1. The matrix Hp+1 is a
skew-symmetric Hadamard matrix of order p + 1. By Proposition 1, the following
matrices:
(Ip+1; Hp+1 − Ip+1) and (Ip+1; Hp+1 + Ip+1);
generate self-dual Z4-codes of length 2p + 2. By the above remark, one of them
generates a Type I code for each p. Denote the generator matrix which generates a
Type I code by G2p+2 and the Type I Z4-code by C2p+2.
Now we give an upper bound on the minimum Euclidean weight of C2p+2.
Proposition 2. The minimum Euclidean weight of C2p+2 is upper bounded by dE 6
16. C2p+2 contains a codeword of Euclidean weight 16.
Proof. For every code C over Z4, there are two binary codes C(1) and C(2) associated
with C:
C(1) = {c (mod 2) | c ∈ C}
C(2) =
{
1
2c | c ∈ C; c ≡ 0 (mod 2)
}
:
If C is self-dual, then C(1) is doubly-even self-orthogonal [2].
From the form of the generator matrix of C2p+2, C
(1)
2p+2 = C
(2)
2p+2 and (Ip+1; Jp+1 −
Ip+1) is a generator matrix of C
(1)
2p+2 where Jp+1 is the all-one matrix of order p+ 1.
Hence C(2)2p+2 is a binary Type II code with minimum weight 4. Therefore, C2p+2
contains a codeword c with n0(c) = 2p − 2 and n2(c) = 4, that is, a codeword c of
Euclidean weight 16.
Thus we have the following:
Corollary 3. For p¿ 23; C2p+2 is not extremal.
Therefore, we only consider C2p+2 for p= 3; 7; 11 and 19 in the next section.
Corollary 4. The minimum Hamming weight of C2p+2 is 4.
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Proof. Follows from that C(1)2p+2 = C
(2)
2p+2 is a binary Type II code with minimum
weight 4.
3. Extremal Type I codes
It is the aim of this section to construct an extremal Type I code of length 40 from
a certain Hadamard matrix of order 20.
3.1. Lengths 8, 16 and 24
It is not hard to check that the minimum Euclidean weights of C8 and C16 are 4 and
8, respectively. Comparing their generator matrices, C8 and C16 are also equivalent to
E8 in [2] and C16 in [3], respectively. Moreover C24 has minimum Euclidean weight
12 and it is equivalent to C24;12 in [4]. Hence C16 is an extremal Type I code of length
16 and C8 and C24 are not extremal.
3.2. Length 40
Let G40 be the generator matrix of C40. Since 20 ≡ 4 (mod 8), G40 =(I20; H20− I20).
Then G40GT40 = 0 in Z4 and the Euclidean weight of a row of G40 is 20. It turns out
that C40 is a Type I code of length 40.
We determine the minimum Euclidean weight dE(C40). However it seems hard to
obtain the Euclidean weights of all codewords in C40, thus we show that dE(C40)=16
as follows. All calculations in this subsection related to weights were done by computer
and the calculations were not heavy. First we have veri5ed by computer that a codeword
x which is a linear combination of at most nine rows in G40 (that is, x =
∑i9
j=i1 ajrj,
where rj is the jth row of G40 and aj ∈ Z4, 1 6 i1¡ · · ·¡i9 6 20) has Euclidean
weight ¿ 16. If x is a codeword of Euclidean weight 6 8 then x must be a linear
combination of at most eight rows in G40. Hence we have that dE(C40)¿ 12. To show
that dE(C40)¿ 16, consider the possible Lee compositions of codewords of Euclidean
weight 12. The possibilities are
(37; 0; 3); (34; 4; 2); (31; 8; 1) and (28; 12; 0):
For the 5rst three cases, a corresponding codeword is a linear combination of at most
nine rows in G40. However such a codeword has Euclidean weight ¿ 16. Thus the 5rst
three cases are impossible. By considering all codewords of the form
∑i12
j=i1 ajrj, where
aj ∈ {0; 1; 3}, we have veri5ed that C40 contains no codeword of Lee composition
(28; 12; 0). Therefore, dE(C40)¿ 16. By Proposition 2, dE(C40) = 16.
Proposition 5. There is an extremal Type I Z4-code of length 40.
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Table 1
Hamming weight distribution of C40 (a part)
i 0 1 2 3 4 5 6 7 8 9 10
Ai 1 0 0 0 190 0 0 0 4845 0 0
To avoid a heavy computation, we compute a part of the Hamming weight distri-
bution. The result is listed in Table 1, where Ai denotes the number of codewords of
Hamming weight i.
Let C be a self-dual Z4-code of length n with minimum Euclidean weight dE. It
was shown in [1] that the lattice
A4(C) = 12{x ∈ Zn | x ≡ c (mod 4) for some c ∈ C};
is an n-dimensional unimodular lattice with minimum norm min{dE=4; 4}. Moreover,
if C is Type I (resp. Type II) then A4(C) is odd (resp. even). This construction of
lattices from codes over Z4 is called Construction A4. By Construction A4, A4(C40) is
an extremal odd unimodular lattice in dimension 40, that is, the minimum norm is 4.
Magma can compute some information of lattices. It can be also checked by Magma
that A4(C40) is an extremal odd unimodular lattice and A4(C40) has the following theta
series:
1 + 39 600q4 + 1 048 576q5 + 45 916 160q6 + 817 889 280q7 + · · · :
3.3. Conclusion
For lengths 8 and 24, there is no extremal Type I code. It is known that there is
an extremal Type I code of length 16. In this note, an extremal Type I code of length
40 is constructed. We end this note with the following question: is there an extremal
Type I code of length 32?
Acknowledgements
The author would like to thank T. Aaron Gulliver and Akihiro Munemasa for their
help in Magma calculations.
References
[1] A. Bonnecaze, A.R. Calderbank, P. SolLe, Quaternary quadratic residue codes and unimodular lattices,
IEEE Trans. Inform. Theory 41 (1995) 366–377.
[2] J.H. Conway, N.J.A. Sloane, Self-dual codes over the integers modulo 4, J. Combin. Theory Ser. A 62
(1993) 30–45.
[3] S.T. Dougherty, M. Harada, P. SolLe, Shadow codes over Z4, Finite Fields Appl., to appear.
278 M. Harada /Discrete Mathematics 245 (2002) 273–278
[4] T.A. Gulliver, M. Harada, Certain self-dual codes over Z4 and the odd Leech lattice, Lecture Notes in
Computer Science, Vol. 1255, Springer, Berlin, 1997, pp. 130–137.
[5] E. Rains, Shadow bounds for self-dual codes, IEEE Trans. Inform. Theory 44 (1998) 134–139.
[6] E. Rains, N.J.A. Sloane, Self-dual codes, in: V.S. Pless, W.C. HuEman (Eds.), Handbook of Coding
Theory, Elsevier, Amsterdam, 1998, pp. 177–294.
